
Math 915: Homework # 5

Due: Friday, November 14th, 5pm

Instructions: You are encouraged to work together on these problems, but each student should
hand in their own draft, written in a way that indicates their individual understanding of the
solutions. Never submit something for grading that you do not completely understand. You should
not use any resources besides me, your classmates, or our course notes.

I will post the .tex code for these problems for you to use if you wish to type your homework. If
you prefer not to type, please write neatly. As a matter of good proof writing style, please use
complete sentences and correct grammar.

Throughout, R denotes a commutative ring with identity.

Problem 1. Let (R,m) be a local ring and 0 → A → B → C → 0 a short exact sequence of finitely
generated R-modules. Suppose depthB > depthC. Prove that depthA = depthC + 1.

Problem 2. Let R be a Noetherian ring and m a maximal ideal of R. Let M be an R-module
(not necessarily finitely generated) such that for every u ∈ M there exists an integer n such that
mnu = 0. Prove thatM ∼= Mm. Hence, conclude that everyR-submodule ofM is anRm-submodule
of M . (In particular, this applies to Z-module Q/Z(2) from the midterm.)

Problem 3. Let f : C → D be a morphism of chain complexes, and let M be an R-module.
Prove that cone(f ⊗ 1M ) ∼= cone(f) ⊗R M (i.e., isomorphic as chain complexes). Conclude that
if x = x1, . . . , xn ∈ R and K(x;M) is the Koszul complex of x on M (as defined in class using
mapping cones), then K(x;M) ∼= K(x;R)⊗R M .

Problem 4. Let x = x1, . . . , xn ∈ R and M an R-module. Let Hi(x;M) denote the ith Koszul
homology of x on M . Prove that if x is an R-sequence, then Hi(x;M) ∼= TorRi (R/(x),M).

Problem 5. Let R be a Noetherian ring, M a finitely generated R-module, and I an ideal such
that IM ̸= M . Prove that gradeI M = inf{gradeIp Mp | p ⊇ I, p ∈ SpecR}.
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