Math 915: Homework # 3

Due: Friday, October 8, 5pm

Instructions: You are encouraged to work together on these problems, but each student should
hand in their own draft, written in a way that indicates their individual understanding of the
solutions. Never submit something for grading that you do not completely understand. You should
not use any resources besides me, your classmates, or our course notes.

I will post the .tex code for these problems for you to use if you wish to type your homework. If
you prefer not to type, please write neatly. As a matter of good proof writing style, please use
complete sentences and correct grammar.

Throughout, R denotes a ring with identity.

Problem 1. Let R = k[z,y]/(xy), where k is a field. Compute the following:
(a) Ext%(R/(z), R) for all i.

(b) Extih(R/(x), R/(x)) for all i.

(c) Extiy(R/(x), k) for all i.

Problem 2. Let R be commutative, M and N R-modules, and x € R such that z is a non-
zero-divisor on M and N = 0. Prove that for each i > 0, Extp(M/2M, N) = 0 if and only if
Exty '(M, N) = Exth(M,N) = 0.

Problem 3. Leti: A — B and j : A — C be homomorphisms of R-modules and 7w : C'— X and
p: B — X the canonical maps in the pushout diagram (where X = B® C/{i(a),—j(a)) | a € A}).
Prove that the induced map 7 : coker j — coker p is an isomorphism.

Problem 4. A complex M is called contractible if M is homotopy equivalent to the zero complex;
equivalently, the identity map on M is null-homotopic; equivalently, the zero map on M is a
homotopy equivalence. (These are all easy to check.)

(a) Prove that a contractible complex is acyclic.

(b) Show the following complex is contractible:

(c) Prove that a complex 0 -+ A — B — C' — 0 is contractible if and only if it is split exact.
(d) Give an example of an acyclic complex which is not contractible.

Problem 5. Let M be a non-zero R-module.

(a) Suppose for some n > 1, Ext’z(M, N) = 0 for all R-modules N. Prove that pdg M <n — 1.

(b) Conclude that A
pdr M = sup{i | ExtRr(M, N) # 0 for some N}.



Problem 6. Let F' be a field and V and W two-dimensional F-vector spaces with bases {vi,v2}
and {wy, wa}, respectively. Give an example (with proof) of an element of V @z W which is not a
simple tensor.

Problem 7. Let R be a commutative ring, I an ideal of R, and M and R-module.
(a) Prove that R/I ® g M = M /IM (as R-modules).

(b) Give an example of an R, I and M with I # R and M # 0 such that R/I ® g M = 0.



