GRADED RINGS AND MODULES
ToM MARLEY

Throughout these notes, all rings are assumed to be commutative with identity.

§1. DEFINITIONS AND EXAMPLES
Definition 1.1. A ring R is called graded (or more precisely, Z-graded ) if there exists a
family of subgroups { R, },cz of R such that

(1) R=@®,R, (as abelian groups), and

(2) R, Ry C Ryt for all n,m.
A graded ring R is called nonnegatively graded (or N- graded) if R,, =0 for all n < 0. A
non-zero element x € R,, is called a homogeneous element of R of degree n.

Remark 1.1. If R = ®R,, is a graded ring, then Ry is a subring of R, 1 € Ry and R, is
an Rp-module for all n.

proof. As Ro - Ry C Ry, Ry is closed under multiplication and thus is a subring of R. To
see that 1 € Ry, write 1 = ) x,, where each z,, € R,, and all but finitely many of the
x,’s are zero. Then for all 7,

z;=1-x; = inxn.

n

By comparing degrees, we see that z; = x;z¢ for all i. Therefore,
xo=1-29 = anaso

:anzl.

Hence 1 = z¢g € Ry. The last statement follows from the fact that Ry - R,, € R,, for all n.

Exercise 1.1. Prove that all units in a graded domain are homogeneous. Also, prove that
if R is a graded field then R is concentrated in degree 0; i.e., R = Ry and R,, = 0 for all

n # 0.
Exercise 1.2. Let R be a graded ring and I an ideal of Ry. Prove that IR N Ry = I.
Examples of graded rings abound. In fact, every ring R is trivially a graded ring by

letting Ry = R and R,, = 0 for all n # 0. Other rings with more interesting gradings are
given below.



1. Polynomial rings

Let R be a ring and 1, ..., r4 indeterminates over R. For m = (mq,...,mq) € N4, let
x" =" ---x)'". Then the polynomial ring S = R[x1,...,x4] is a graded ring, where
Sp=A{ Z TmX " | 7 € Rand mq + -+ - + mg = n}.

meNd

This is called the standard grading on the polynomial ring R|zq,...,x4]. Notice that
So = R and degx; = 1 for all i. There are other useful gradings which can be put on S.
Let (aq,...,aq) € Z% Then the subgroups {S,} where

Sn:{ Z mem|Tm€RaIldOé1m1+---+admd:n}
meNd

defines a grading on S. Here, R C Sy and degz; = o for all i.

As a particular example, let S = k[x,y, 2] (where k is a field) and f = 23 + yz. Under
the standard grading of S, the homogeneous components of f are z2 and yz. However,
if we give S the grading induced by setting degx = 3, degy = 4, degz = 5, then f is
homogeneous of degree 9.

2. Graded subrings

Definition 1.2. Let S = @5, be a graded ring. A subring R of S is called a graded
subring of S'if R = )" (S, N R). Equivalently, R is graded if for every element f € R all
the homogeneous components of f (as an element of S) are in R.

Exercise 1.3. Let S = @5, be a graded ring and f1, ..., f; homogeneous elements of §
of degrees aj, ..., a4, respectively. Prove that R = Sy[f1,..., fa] is a graded subring of S,
where

Ry ={ Z T f1 - ' | T € So and aymy + - - - + agmg = n}.
meNd

Some particular examples:

(a) k[z?, zy,y?] is a graded subring of k[z, y].
(b) k[t3,t*,t%] is a graded subring of kl[t].
(c) Z[u?,u? + v3] is a graded subring of Z[u, v], where degu = 3 and degv = 2.

3. Graded rings associated to filtrations

Let R be a ring and Z = {I,,}72, a sequence of ideals of R. Z is called a filtration of R
if

(1) Io =R,
(2) I, 2 I,,41 for all n, and

_|_
(3) I, - I, C Iy, for all n,m.



Examples of filtrations are: {I"}, where I is an ideal of R; {P(™}, where P is a prime
ideal of R and P(™ = P"Rp N R is the nth symbolic power of P; and {I"}, where I is an
ideal of R and I™ denotes the integral closure of I"™.

Now let Z = {I,,} be a filtration of R. Define the Rees algebra R(Z) by

R(Z) = &I,
=ReL®lad---

where the direct sum is as R-modules and the multiplication is determined by I,, - I,, C
L+pn. An alternative way to define the Rees algebra of 7 is to describe it as a subring of
the graded ring R[t] (where degt = 1): define

R(Z) = {ap + art + agt® + -+ ant™ € R[t] | a; € I; V i}.

Then R(Z) is a graded subring of R[t] where R(Z),, = {at™ | a € I,,}. The advantatage to
this approach is that the exponent of the variable ¢ identifies the degrees of the homoge-
neous components of a particular element of R(Z).

Exercise 1.4. Let R be aring, I = (a1, ..., ax)R a finitely generated ideal, and Z = {I"}.
Prove that R(Z) = R|a1t, ..., art]. Generalize this statement to arbitrary ideals.

In the case Z = {I"} where [ is an ideal of R, we call R(Z) the Rees algebra of I and
denote it by R[It]. By the above exercise, R[It] is literally the smallest subring of R[t]
containing R and It. As a particular example, let R = k[x,y] and I = (22 + 5, zy*, 3°).
Then

R[It] = R[(z* + y°)t, zy*t, y°t]
= klz,y, %t + y°t, zyt, yGt].

Notice in this example that in the Rees algebra grading, degx = 0, degy = 0 and degt = 1.
Another graded ring we can form with a filtration Z = {I,,} of R is the associated graded
ring of Z, denoted G(Z), which we now define: as an R-module,

G(I) = &ln/Insa
=R/LoL/LolL/I3d---.

To define the multiplication on G(Z), let n and m be nonnegative integers and suppose
Tp + Int1 and x,, + Ipq1 are elements of G(Z),, and G(Z),,, respectively. Define the
product by

(xn + In—l—l)(xm + Im—l—l) = TpTm + In—l—m—l—l-

Exercise 1.5. Show that the multiplication defined above is well-defined.

If I is an ideal of R and Z = {I"}, then G(Z) is called the associated graded ring of I
and is denoted by gr(R).
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Definition 1.3. Let R be a graded ring and M an R-module. We say that M is a graded
R-module (or has an R-grading) if there exists a family of subgroups {M,, },,cz of M such
that

(1) M = @, M, (as abelian groups), and

(2) R, - My, € My, for all n,m.
If w € M\ {0} and v = u;, + -+ u;, where u;; € R;; \ {0}, then w;,,...,u; are called
the homogeneous components of u.

There are many examples of graded modules. As with arbitrary modules, most graded
modules are constructed by considering submodules, direct sums, quotients and localiza-
tions of other graded modules. Our first observation is simply that if R is a graded ring,
then R is a graded module over itself.

Exercise 1.4. Let {M)} be a family of graded R- modules. Show that &, M) is a graded
R-module.

Thus R" = R® --- @& R (n times) is a graded R-module for any n > 1.

Given any graded R-module M, we can form a new graded R-module by twisting the
grading on M as follows: if n is any integer, define M (n) (read “M twisted by n”) to
be equal to M as an R-module, but with it’s grading defined by M (n)y = M. (For
example, if M = R(—3) then 1 € M3.)

Exercise 1.5. Show that M (n) is a graded R-module.

Thus, if ny,...n, are any integers then R(n1) ® --- @ R(ny) is a graded R-module. Such
modules are called free.

We can also obtain graded modules by localizing at a multiplicatively closed set of
homogeneous elements, as illustrated in the following exercise:

Exercise 1.6. Let R be a graded ring and S a multiplicatively closed set of homogeneous
elements of R. Prove that Rg is a graded ring, where

(Rs)n = {r € Rs | r and s are homogeneous and degr — degs = n}.
s

Likewise, prove that if M is a graded R-module then Mg is graded both as an R-module
and as an Rg-module.

§2. HOMOGENEOUS IDEALS AND SUBMODULES

Definition 2.1. Let M = &M, be a graded R-module and N a submodule of M. For
each n € Z, let N,, = N N M,,. If the family of subgroups {N, } makes N into a graded
R-module, we say that N is a graded (or homogeneous ) submodule of M.

Note that for any submodule N of M, R,, - N;, € Nyp4p,. Thus, N is graded if and only if
N =o,N,,.

Exercise 2.1. Let R and M be as above, and N an arbitrary submodule of M. Prove
that >, N N M, is a graded submodule of M.
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Proposition 2.1. Let R be a graded ring, M a graded R-module and N a submodule of
M. The following statements are equivalent:

(1) N is a graded R-module.
(2) N=>, NNM,.
(3) For every u € N, all the homogeneous components of u are in N.
(4) N has a homogeneous set of generators.
proof. We prove that (4) implies (2) and leave the rest of the proof as an exercise. Let
N* =3 NNM, and let S = {uy} be a homogeneous set of generators for N. Note that
S c N*. Thus

N*CNC> RuyCN*.

A

In particular, an ideal of a graded ring is homogeneous (graded) if and only if it has a
homogeneous set of generators. For example, if the ring k[z,y, z] is given the standard
grading, then (22, 23 + y?z,9°) is homogeneous, while I = (22 + y3z) is not. What about
(222,12 + 232)7

Exercise 2.2. Let R be a graded ring, M a graded R-module and {/N,} a collection of
graded submodules of M. Prove that >, N\ and Ny\N) are graded submodules of M.

Exercise 2.3. Suppose I is a homogencous ideal of a graded ring R. Prove that /T is
homogeneous.

Exercise 2.4. Let R be a graded ring, M a graded R-module and N a graded submodule
of M. Prove that (N :g M) = {r € R | rM C N} is a homogeneous ideal of R. In
particular, this shows that Anng M = (0 :g M) is homogeneous.

Exercise 2.5. Prove that every graded ring has homogeneous prime ideals.

Proposition 2.2. Let R be a graded ring, M a graded R-module and N a graded submod-
ule of M. Then M/N is a graded R-module, where

(M/N)n = (Mn+ N)/N
={m+N|me M,}.

proof. Clearly, {(M/N)y}, is a family of subgroups of M/N and Ry - (M/N)n = (R -
M, + N)/N C (My4r + N)/N = (M/N)ptr. Now, if u € M and v = ) u, where
u, € M, for each n, then u+ N = > (up, + N). Thus M/N = > (M/N),. Finally,
suppose »__(u, +N) =0+ N in M/N, where u,, € M, for each n. Then ) u, € N and
since N is a graded submodule, u,, € N for each n. Hence u,, + N =0+ N for all n and
so M/N =5 (M/N), is an internal direct sum.

Exercise 2.6. Prove that if I is a homogeneous ideal of a graded ring R then R/I is a
graded ring.



Exercise 2.7. Let R be a graded ring and N C M graded R-modules. Prove that M = N
if and only if M, = N, for all homogeneous prime ideals p of R.

Exercise 2.8. Let R be a graded ring and M a homogeneous maximal ideal of R. Prove
that M =-- R oD R_1Pdm®d R, ® Ry--- where m is a maximal ideal of Ry.

Exercise 2.9. Let R be a nonnegatively graded ring and Iy an ideal of Ry. Prove that
I =1y R & Ry®--- is an ideal of R. Also, show that M is a homogeneous maximal
ideal of R if and only if M = m ® R1 & Ry @ - - - for some maximal ideal m of Ry.

Exercise 2.10. Let R be a nonnegatively graded ring and N C M graded R-modules.
Prove that M = N if and only if M,, = N,, for every homogeneous maximal ideals m of

R.

Exercise 2.11. Let M be a graded module and I a homogeneous ideal of R. Prove that
IM is a graded submodule of M and that M/IM is a graded R/I-module.

Exercise 2.12. Let R be a nonnegatively graded ring and M = &M, a graded R-module.
For any integer k, let M>y = @©,,>rM,,. Prove that M>} is a graded submodule of M. In
particular, this shows that R, = R>; is a homogeneous ideal of R.

Definition 2.2. Let R be a graded ring and M, N graded R-modules. Let f: M — N be
an R-module homomorphism. Then f is said to be graded or homogeneous of degree d if
f(M,) C Npyq for all n.

As an elementary example of a graded homomorphism, let M be an R-module and
r € Ryq. Define p, : M — M by u,.(m) = rm for all m in M. Then pu, is a graded
homomorphism of degree d.

Remark 2.1. If f: M — N is a graded homomorphism of degree d, then f: M(—d) — N
is a degree 0 homomorphism.

Let M be a graded R-module. We’ll construct a homogeneous map of degree 0 from
a graded free R-module onto M. Let {my)} be a homogeneous set of generators for M,
where deg my = ny. For each A, let e) be the unit element of R(—ny). Then the R-module
homorphism f: @y R(—ny) — M determined by f(ex) = my for all A is a degree 0 map
of a graded free module onto M.

Exercise 2.13. Prove that if f: M +— N is a graded homorphism of graded R-modules
then ker(f) is a graded submodule of M and im(f) is a graded submodule of N.

Exercise 2.14. Let C be a complex of graded R-modules with homogeneous maps. Prove
that the homology modules H;(C') are graded for all i.

Definition 2.15. Let R and S be graded rings and f: R — S a ring homomorphism.
Then f is called a graded or homogeneous ring homorphism if f(R,) C S, for all n.
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Remark 2.2. Recall that any ring homomorphism f: R +— S induces an R-module struc-
ture on S viar-s = f(r)-sforallr € Rand s € S. If R and S are graded, then f is
homogeneous if and only if the grading for S is an R-module grading.

Let R = k[z,y| have the standard grading (where k is a field). Then the ring homor-
phism f: R+ R determined by f(z) =z +y and f(y) =z (i.e., f(9(z,y)) =gz +y,x))
is a graded ring homomorphism, but the ring map h: R — R defined by h(z) = 2% and
h(y) = xy is not graded, as h(R,) C Ra,. However, we can make h into a graded homo-
morphism as follows: let S = k[z,y] where degx = degy = 2. Then h: S +— R as defined
above is now graded.

As another example, define a ring map f: k[z,y, 2] — k[t3,t*,t°] by f(z) =13, f(y) = t*
and f(z) = t°. If we set degt = 1, degz = 3, degy = 4 and degz = 5 then f is
homogeneous.

Definition 2.4. Let R be a graded ring. We say two graded R-modules M and N
are isomorphic as graded modules if there exists a degree 0 isomorphism from M to N.
Likewise, two graded rings R and S are said to be isomorphic as graded rings if there exists
a homogeneous ring isomorphism between them.

Exercise 2.15. Let R be a ring, I an ideal of R and S = R[It]. Prove that IS = S (1)
as graded S-modules and S/IS = gr;(R) as graded rings.

Exercise 2.16. Let R be a nonnegatively graded ring such that R = Ry[R1] and let
I = R, . Prove that gr;(R) = R as graded rings.

§3. PRIMARY DECOMPOSITIONS OF GRADED SUBMODULES

Definition 3.1. Suppose M is a graded R-module and N an R-submodule of M. We
denote by N* the R-submodule of M generated by all the homogeneous elements contained
in N. Clearly, N* is the largest homogeneous submodule of M contained in N.

Exercise 3.1. Let M be a graded R-module and {N)}, a family of submodules of M.
Prove that NNy = (NN,)*. Also, show that it is not necessarily true that > N} =

(DoA™

Exercise 3.2. Let R be a graded ring, M a graded R-module and N a submodule of M.
Prove that \/Anngp M/N* = (\/Anng M/N)*

Theorem 3.1. Let R be a graded ring and M a graded R-module.

(1) If p is a prime ideal of R, so is p*.
(2) If N is a p-primary submodule of M then N* is p*-primary.

proof. We begin by showing that if NV is primary then so is N*. By passing to the module

M/N*, we may assume N* = 0. So suppose r € R is a zero-divisor on M. We need to

show r is nilpotent on M. Let n be the number of (non-zero) homogeneous components

of r. We'll use induction on n to show r € /Anng M. If n = 0 then » = 0 and there’s

nothing to show. Suppose n > 0. Let z € M \ {0} such that rz = 0 and let r; and x; be
7



the homogeneous components of r and x (respectively) of highest degree. Then rpx; = 0
and since N* =0, z; ¢ N. Thus rj is a zero-divisor on M/N. Since N is primary, 7 is
nilpotent on M /N and so riM C N for some integer e > 1. But since ry M,, C N for each
n and N* = 0, we conclude that rf M = 0. Thus, 7, € v/Annr M.

Now, choose m such that "z = 0 but 77" 'z # 0. Let 2’ = r}" 'z and v’ = r — 1y,
Then 'z’ = ra’ — rpr’ = 0 and so 1’ is a zero-divisor on M with one less homogeneous
component than r. By induction, " € /Anng M and so r =1’ +r, € /Anngp M. This
proves that N* is primary. Moreover, if N is primary to p = y/Anng M /N then, using
Exercise 3.2, N* is primary to \/Anng M /N* = p*. This completes the proof of (2).

To prove (1), apply part (2) to M = R and N = p and use the fact that the radical of
a primary ideal is prime.

Corollary 3.1. Let R be a graded ring and I a homogeneous ideal. Then every minimal
prime over I is homogeneous. In particular, every minimal prime of the ring is homoge-
neous.

proof. If p O I then p* D I. So if p is minimal over I then p = p*.

Exercise 3.3. Let R be a graded ring and f = > f,, (where f,, € R,) an element of R
such that fy is not in any minimal prime of R. Prove that f is a unit if and only if fj is a
unit in Ry and f,, is nilpotent for all n # 0.

Exercise 3.4. Let R be a graded ring which has a unique maximal ideal. Prove that Ry
has a unique maximal ideal and every element in R,, (n # 0) is nilpotent. (Hint: first show
that the maximal ideal of R is homogeneous and then apply the Exercise 3.3.

Corollary 3.2. Let M be a graded R-module and N a graded submodule. If N has a
primary decomposition, then all the primary components of N can be chosen to be homo-
geneous. In particular, all the isolated primary components of N and all the associated
primes of M/N are homogeneous.

proof. Let N = Q1N Q2N ---NQk be a primary decomposition of N. Then

N =N~
=(@1N---NQk)"
:QIQ...QQZ

is a primary decomposition of N with homogeneous primary submodules.

Exercise 3.5. Suppose R is a Noetherian graded ring and N C M finitely generated
graded R-modules. Prove that if p € Assgp(M/N) then p = (N :p ) for some homogeneous
element v € M \ N.

§4. NOETHERIAN AND ARTINIAN PROPERTIES

Exercise 4.1. Let R be a graded ring, M a graded R-module and N an Ry-submodule
of M,, for some n. Prove that RN N M, = N.
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Lemma 4.1. Let R be a graded ring and M a Noetherian (Artinian) graded R-module.
Then M,, is a Noetherian (respectively, Artinian) Ro-module for all n.

proof. Let Ny C Ny C N3 C --- be an ascending chain of Ryg-submodules of M,,. Then
RN; € RNy C RN3 C --- is an ascending chain of R-submodules of M and so must
stabilize. Contracting back to M,, and using the above exercise, we see that the chain
N; C Ny C --- stabilizes. A similar argument works if M is Artinian.

Theorem 4.1. A graded ring R is Noetherian if and only if Ry is Noetherian and R 1is
finitely generated (as an algebra) over Ry

proof. If Ry is Noetherian and R is a f.g. Rg-algebra then R is Noetherian by the Hilbert
Basis Theorem.

Suppose R is Noetherian. By Lemma 4.1, Ry must also be Noetherian. We need to
prove that R is f.g. over Ry. Let R_ = ®,<oR, and Ry = &,>oR,. We first show that
Ro[R_] is finitely generated over Ry. If R_ = 0 then there is nothing to show. Otherwise,
let y1,...,y4 € R_ be ideal generators for (R_)R. Since R_ is a homogeneous ideal we
may assume that these generators are homogeneous. Let —k = min{degys,...,degys}
(k>0). Let N=R_, ®R_p+1D---® R_1. By the lemma, N is finitely generated as an
Rp-module, so let x1,...,x; be homogeneous generators for N as an Rg-module. Clearly,
(1,...,2)R= (y1,...,ya)R = (R-)R.

We claim that Ry[R_] = Ro[z1,...,2¢]. Let S = Ro[R_] and T = Ry[x1,...,z]. We'll
show by induction on n that S_,, = T_,, for all n > 0. When n = 0 we have that Sy =
To = Ro, so suppose n > 0. Let r € S_,,. If n < kthenr € N =Rpz1+ - -+ Roxy CT.
Suppose n > k. Since r € R_R = (x1,...,x¢)R, there exists homogeneous elements
Ui, ...,us € R such that r = > w;z;. Therefore, degu; + degz; = degr = —n for all 1.
Since —n < degx; < 0 for all 7, we see that —n < degu; < 0 for all 7. By the inductive
hypothesis, u; € T for all i. Hence r = > wu;x; € T and hence S_,, =T_,,.

Let A = Ro[R_]. We now claim that R is finitely generated over A. To show this,
let z1,..., 2, € R4+ be homogeneous ideal generators for (Ry)R. By using an argument
similar to the one above (for Ry[R_]) one can prove that R = A[z1,...,2y]. Since R is
f.g. over A and A is f.g. over Ry, we see that R is f.g. over Rg. This completes the proof.

Exercise 4.2. A nonnegatively graded ring R is Noetherian if and only if R is Noetherian
and Ry is a f.g. ideal.

Exercise 4.3. Let R be a graded ring. Prove that R is Noetherian if and only if R satisfies
the ascending chain condition on homogeneous ideals. (Hint: use that (R_)R and (R1)R
are f.g. ideals.)

Exercise 4.4. Let R be a nonnegatively graded ring which has a unique homogeneous
maximal ideal M. Prove that R is Noetherian if and only if Ry, is Noetherian.

Exercise 4.5. Let R be a Noetherian ring and I an ideal of R. Prove that R[It] and
grr(R) are Noetherian. Also, give an example of a ring R and an ideal I such that gr;(R)
is Noetherian but R[It] is not.



Lemma 4.2. Let R be a graded ring and M a graded R-module. Then M is simple as an
R-module if and only if M is simple as an Rg-module.

proof. Suppose M is simple as an R-module. Then M 2= R/n for some homogeneous
maximal ideal n. By Exercise 2.8, n = - ® R oD R_1Em D Ry ® Ry ® --- for some
maximal ideal m of Ry. Thus M = R/n = Ry/m and so M is simple as an Rp-module.
The converse is trivial.

If M is an R-module, we denote the length of M as an R-module by Ag(M) (or simply
by A(M) if there is no ambiguity about the underlying ring.)

Lemma 4.3. Let R be a graded ring and M a graded R-module such that Agr(M) = n.
Then there exists chain of submodules of M

M=MyD>M DD M,_1>M,=/(0)

such that M;/M;,1 is simple and M; is graded for all i.

proof. If n = 0,1 the result is trivial, so suppose n > 1. By induction, it is enough to
show there exists a non-zero proper graded submodule of M. Let x € M be a non-zero
homogeneous element. If Rz # M, we’re done, so suppose Rx = M. Then M = R/I(d)
(as graded R-modules), where I = (0 :g ). Thus, Ag(R/I) = n and so R/I is Artinian.
Thus, all the maximal ideals of R/I are homogeneous (since they are minimal). If the only
maximal ideal of R/I is (0), then n = A(R/I) = 1, a contradiction. Thus, there exists a
non-zero homogeneous element r € R\ I such that r 4+ I is not a unit in R/I. Set y = rx
and N = Ry. Then N is a non-zero proper graded submodule of M.

Theorem 4.2. Let R be a graded ring and M a graded R-module. Then

AR(M) = Ag, (M)
= Ar,(M,).

proof. If Agp(M) = oo the Agr,(M) = oo, so suppose Ag(M) = n. Then by Lemma 4.3

there exists a composition series
M=MyD>M D--+DM,_1 DM, =(0)
where M;/M;,, are graded simple R-modules for all 7. By Lemma 4.2, these modules are

simple Rop-modules as well. Hence, Ap, (M) = n.

Corollary 4.1. Let R be a graded ring and M a graded R-module. Then M has finite
length as an R-module if and only if each M, has finite length as an Ry-module and M,, = 0
for all but finitely many n.

proof. Immediate from Theorem 4.2.
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Corollary 4.2. A graded ring R is Artinian if and only if R, is an Artinian Rg-module
for all n and R, =0 for all but finitely many n.

proof. A ring is Artinian if and only if it has finite length.

We remark that this corollary does not hold for modules, as the following example
illustrates:

Example 4.1. Let k be a field and R = k[z] where x is an indeterminate of degree 1.
Then R, = k[z™1, 2] and R is a graded R-submodule of R,. Let M = R,/R. We claim
that M is an Artinian R-module and M,, # 0 for all n < 0.

Note that

M = k[z ™", 2] /k[z]
= .k "ok " .. k!

Hence, M,, # 0 for all n < 0. It is easy to see that if N is a submodule of M and
a_pz™ "+ - +a_j27! € N where a_,, # 0 then {x7™,...,27 '} C N. Hence, every
proper submodule of M is of the form kz™ @ --- @ kx ! for some n. Thus M is Artinian
(but not Noetherian).

Exercise 4.6. Let k be a field and R = k[z, vy, z]/(2?%,y?, 23). Find A\(R).

Exercise 4.7. Let R be a nonnegatively graded ring. Prove that R is Artinian if and
only if R satisfies the descending chain condition on homogeneous ideals. Is this true for
Z-graded rings?

Exercise 4.8. Let R be a nonnegatively Noetherian graded ring such that R is Artinian

and R, is a nilpotent ideal. Prove that R is Artinian. Give an example to show this is
false if the Noetherian hypothesis is removed.

Exercise 4.9. Let R be a nonnegatively graded ring such that Ry has a unique maximal
ideal. Let M be the unique homogeneous maximal ideal of R. Prove that R is Artinian if
and only if Ry is Artinian.

Exercise 4.10. Let R be a nonnegatively graded ring and M an Artinian graded R-
module. Prove that M,, = 0 for all n sufficiently large.

§5. HEIGHT AND DIMENSION IN GRADED RINGS

Exercise 5.1. Let R be a reduced graded ring where Ry is a field and let u € R,, \ {0}
with n # 0. Prove that u is transcendental over Rj.

Lemma 5.1. Let R be a graded ring which is not a field and suppose the only homogeneous
ideals of R are (0) and R. Then R = k[t~',t] where k = Ry is a field and t is a homogeneous
element of R transcendental over k.

proof. Since every non-zero homogeneous element of R is a unit, all the non-zero elements
of Ry are units and so Ry is a field. As R is not a field, there exist some t € R,, (n # 0)
11



such that ¢ # 0. Since ¢ is a unit, t~' € R_,, and so without loss of generality, we may
assume that n is the smallest positive integer such that R,, # 0. By Exercise 5.1, we know
t is transcendental over Rj.

We'll show that every homogeneous element in R,, is of the form ct’ for some 7. This
is trivially true when 0 < m < n. So suppose m > n and let u € R,,. Then t~'u € R,,,_,,
and 0 < m —n < m, so by induction ¢t~'u = ct’ for some i. Multiplying both sides by
t, we’'re done. A similar argument works for homogeneous elements of negative degrees.
Thus R = Ro[t™1,1].

Lemma 5.2. Let R be a graded ring and P a non-homogeneous prime ideal of R. Then
there are no prime ideals properly between P and P*.

proof. By passing to R/P* we may assume that R is a domain and that P* = 0. Let W be
the set of all non-zero homogeneous elements of R. Since PNW = (), PRy is a non-zero
prime ideal of Ryy. Since every non-zero homogeneous element of Ry is a unit, we have by
the above lemma that Ry, = k[t ™1, t]. Since dim k[t~ !,¢] = 1 there are no primes properly
between (0) and PRy . Hence, there are no primes of R properly between (0) and P.

Theorem 5.1. (Matijevic-Roberts) Let R be a graded ring and P a non-homogeneous
prime ideal of R. Then ht(P) = ht(P*) + 1.

proof. If ht(P*) = oo then the result is trivial, so assume ht(P*) < co. We’ll use induction
on n = ht(P*). If n = 0 we are done by Lemma 5.2. Suppose n > 0 and let ) be any
prime ideal properly contained in P. It suffices to show that ht(Q) < n. Now Q* C P*. If
Q* = P* then @ = P* (by Lemma 5.2) and we're done. If Q* # P* then ht(Q*) <n — 1.
Hence ht(Q) < n by induction.

Corollary 5.1. Let R be a graded ring and M a finitely generated graded R-module. Let
p € Supp M, where p is a not homogeneous. Then dim M, = dim M- + 1.

proof. By passing to R/ Anngp M we may assume Anng M = 0. Thus, dim M,, = dim R, =
ht(p) for any p € Supp M. The result now follows from Theorem 5.1.

Corollary 5.2. Let R be a nonnegatively graded ring. Then dim R = max{ht(M) |
M a homogeneous maximal ideal}.

proof. Let N be a maximal ideal of R. Then ht(N*) = ht(N*) — 1 by the Theorem 5.1.
Since N* is homogeneous and R is nonnegatively graded, N* is contained in a homogeneous
maximal ideal M (see Exercise 2.9). Since M # N*, ht(M) > ht(N*) + 1 = ht(N).

Proposition 5.1. Let R be a Noetherian graded ring and P a homogeneous prime ideal
of height n. Then there exists a chain of distinct homogeneous prime ideals

PhchPCh---CP,=P

proof. The result is trivially true if n = 0 so assume n > 0. Let () be a prime ideal

contained in P such that ht(Q) = n — 1. If @ is homogeneous we're done by induction,

so suppose @ is not homogeneous. Then ht(Q*) = n — 2. By passing to R/Q* we can
12



assume R is a graded domain and P is a homogeneous prime of height two. It is enough
to show there exist a homogeneous prime ideal of height one contained in P. Let f € P be
a non-zero homogeneous element of P. Then P is not minimal over (f) by KPIT, so let P;
be a prime contained in P which contains (f). Then P; is minimal over (f) (as ht(P) = 2)
and hence homogeneous.

Corollary 5.2. Let R be a nonnegatively graded Noetherian ring. Then
dmR=sup{Ph C P C---CP,|Po,...,P, are homogeneous primes of R}.

proof. This follows from Corollary 5.2 and Proposition 5.1.

Exercise 5.2. Let R be a Noetherian graded ring and I an ideal of R. Prove that
ht(7) — 1 < ht(I*) < ht(I).

The following result can be found in Appendix V of Zariski-Samuel, Vol II:

Proposition 5.2. (Graded version of prime avoidance)Let R be a graded ring and I a ho-
mogeneous ideal generated by homogeneous elements of positive degree. Suppose Py, ..., P,
are homogeneous prime ideals, none of which contain I. Then there exists a homogeneous
element x € I with x ¢ P; for all i.

proof. Without loss of generality, we may assume there are no containment relations among
the ideals Pi,..., P,. Thus for each i, P; does not contain the homogeneous ideal P; N
<N PZ --+N P,. Hence, there exists a homogeneous element u; ¢ P; such that u; € P; for
all j # i. Also, for each ¢ there exists a homogeneous element w; € I'\ P; of positive degree.
By replacing w; by a sufficiently large power of w;, we may assume that degu;w; > 0. Let
yi = w;w;. Then y; € Pybut y; e INPN---N ]5Z N---N P,. By taking powers of y;, if
necessary, we can assume that degy; = degy; for all ¢, j. Now let x = y; +---+y,. Then
x is homogeneous, = € I and = ¢ P; for all i.

Remark 5.1. We note that Proposition 5.2 is false without the assumption that I is
generated by elements of positive degree. For example, let S = Zy) and R = S[x] where
degz = 1. Let I = (2,2)R, P, = (2)R and P, = (z)R. Then there does not exist a
homogeneous element = € I such that x ¢ Py U Ps.

Lemma 5.3. Let (R, m) be a local ring such that R/m is infinite. Let M be an R-module
and Q, N1,..., Ny submodules of M such that QQ is not contained in any N;. Then there
exists x € QQ such that x ¢ N; fori=1,...,s.

proof. Suppose by way of contradiction that @@ C U; N;. Foreachi =1,...,slet z; € Q\N;.
By replacing @) with Rz, + --- 4+ Rxs and N; with N; N @, we may assume () is finitely
generated and @Q = U; N;. Then

Q/mQ = U(Ni +mQ)/mQ.

Since a vector space over an infinite field is not the union of a finite number of proper
subspaces, we must have that Q/mQ@Q = (N; + mQ)/m@Q for some i. By Nakayama’s
lemma ) = N;, a contradiction.
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Exercise 5.4. Let R be a nonnegatively graded ring such that Ry is local with infinite
residue field. Let I, J; ..., Js be homogeneous ideals of R such that I is not contained in
any J;. Prove that there exists u € I such that u ¢ J; for all i.

The following corollary allows us in certain situations to avoid ideals which are not even
prime or homogeneous:

Corollary 5.3. Let R be a graded ring such that Ry is local with infinite residue field.
Let I be an ideal of R generated by homogeneous elements of the same degree s. Suppose
J1,...,Jn are ideals of R, none of which contain I. Then there exists a homogeneous
element x € I of degree s such that x ¢ J; for all i.

proof. Clearly I N Ry is not contained in J; N Ry for any i, else I C J;. Applying Lemma
5.3, there exists x € I N R, such that = ¢ J; for all 1.

Exercise 5.5. Give an example to show Corollary 5.3 may be false if the residue field of
Ry is not infinite.

Theorem 5.2. Let R be a Noetherian graded ring and P a homogeneous prime ideal of
height n. Suppose that either

(a) P is generated by elements of positive degree, or
(b) Ry is local with infinite residue field and P is generated by elements of the same

degree s.
Then there exist homogeneous elements wq,...,w, € P such that P is minimal over
(wy,...,wy)R. Moreover, in case (b) we may choose wy,...,w, in degree s.

proof. If n = 0 the result is trivial, so we may assume that n > 0. Let Q1,...,Q, be the
minimal primes of R. Since P is not contained in any @);, there exists a homogenous element

wy € P (of degree s in case (b)) such that wy ¢ @; for all i. Then ht(P/(w1)) =n — 1.
The result now follows by induction.

Corollary 5.4. Let R be a Noetherian nonnegatively graded ring with Ry Artinian and
local. Let M be the homogeneous maximal ideal and d = dim R = ht(M). Then there
exist homogeneous elements wiy, ... wq € Ry such that M = \/(w1,...,wq). If in addition
R = Ry[R1] and the residue field of Ry is infinite, we can choose w1, ..., wq to be in Ry.

proof. Let m be the maximal ideal of Ry. Since mR is nilpotent, we can pass to the
ring R/mR and assume that Ry is a field; i.e., M = R,. By Theorem 5.2, there exists

homogeneous elements wy, ..., wq in Ry (or in Ry if the additional hypotheses are satisfied)
such that M is minimal over (ws,...,wy). As every prime minimal over (wq,...wq) is
homogeneous and hence contained in M, M is the only prime containing (wq,...,wg).

Thus, M = +/(w1, ..., wq).
Remark 5.2. We note that Corollary 5.4 is false if the hypothesis that R is Artinian is
removed. For example, let R = Z9)[z]/(2x). Then dim R = 1 and M = (2, z)R, but there
does not exist a homogeneous element w € R such that M = /(w).
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§6. INTEGRAL DEPENDENCE AND NOETHER’S NORMALIZATION LEMMA

Exercise 6.1. Let A C B be rings and W a multiplicatively closed subset of A. Assume
that no element of W is a zero-divisor in B, so that we may consider B as a subring of
Byy. Suppose f € By is integral over Ay . Prove that there exists w € W such that w f
is in B and integral over A.

Exercise 6.2. Let A C B be rings and = an indeterminate over B. Then a polynomial
f(z) € B[z] is integral over A[z] if and only if all the coefficients of f(z) are integral over
A. (Hint: see Atiyah-Macdonald, page 68, exercise 9.)

Theorem 6.1. (Bourbaki) Let R be a graded subring of the graded ring S and let T be
the integral closure of R in S. Then T is a graded subring of S.

proof. Let t be an indeterminant over S. Define a ring homomorphism f: S+ S[t~1,¢] as
follows: for s = > s, € Slet f(s) =), spt". Now, suppose s = > s, € S is integral
over R. We need to show each s, is integral over R. As f is a ring homomorphism and
f(R) C R[t™1,t], we see that f(s) is integral over R[t™! t]. Let W be the multiplicatively
closed subset {t"},,>¢ of R[t]. Then S[t~!,¢] = S[t]w and R[t!,t] = R[t]w. By Exercise
6.1, there exists t" € W such that t" f(s) is in S[t] and integral over R[t]. By Exercise 6.2,
this means that all the coefficients of t" f(s) (which are the s,’s) are integral over R.

Theorem 6.2. Let R = Ry[R1] be a Noetherian graded ring and wy,...,wq € Ry. The
following statements are equivalent:

(1) R+ - V <w17 . '7wd)'

(2) (R)™ = (wy,...,wq)(Ry)™ for some n > 0.

(3) R is integral over Rylwn, ..., wq)

proof. (1) = (2) : As R, is finitely generated, (R, )" C (ws,...wq) for some n. Let
f € Rpy1. Then f =rywy + -+ + rqwg for some r; € R,,. Thus, f € (wy,...,wq)R, and
so Ry11 C (wy,...,wq)(Ry). Since Ry = R1R, (R+)™ = R,,R for any m > 0. Thus,
(R+)n+1 - (wh SRR U)d)(R+ "

(2) = (3) : Since R = Ry[R;], it is enough to show that any element u € R; is integral
over Rolwy,...,wq]. By (2), uR, C Ry,4+1 = R,w; + - -+ + R,w, for some n > 0. Since R
is Noetherian, R,, is finitely generated as an Rp-module, so let f1,..., fi be Ry-generators
for R,,. Then for each i, uf; = Zj rijf; where r;; € Rowy + - -+ + Rowg for all 4, j. If we
set

U —T11 —T12 e —T1t
—T21 U — 799 e —Tot
A=
—T¢1 —T¢2 e U — Tyt
then
fi
f2
Al 7] =
Jt
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Multiplying by both sides by adj(A), we get that det(A)R,, = 0. Since u" € R,, we see

that det(A)u™ = 0. This equation shows that u is integral over Rg[w1, ..., wq].
(3) = (1) : It suffices to show that Ry C \/(w1,...,wq). Solet u € R;. As u in integral
over Rolwy, ..., wq], there exists an equation of the form
u" e e, =0
where ry,...,7, € Rolwy,...,wy]. Furthermore, since u is homogeneous of degree 1, we
may assume each r; is homogeneous of degree i. Thus ry,...,7, € (wy,...,ws)R and so
u™ € (wy,...,wg)R. Hence Ry C \/(w1,...,wyq).

Corollary 6.1. (Graded version of Noether’s normalization lemma) Let R = Ro[R1] be
a d-dimensional Noetherian graded ring such that Rg is an Artinian local ring and the
residue field of Rq is infinite. Then there exists Ty, ..., Ty € Ry such that R is integral
over Ro[Ty,...,T4]. Moreover, if Ry is a field then Ro[Th,...,Ty] is isomorphic to a
polynomial ring in d variables over Ry.

proof. By Corollary 5.4, there exists T1,...,Tq4 € Ry such that Ry C \/(T1,...,Ty).
Hence, by the above theorem, R is integral over Ry[T1, ..., T4]. The last statement follows
from the fact that dim Ro[T7,...,T4] = dim R = d.

§7. HILBERT FUNCTIONS

A graded R module M is said to be bounded below if there exists k € Z such that
M, =0 for all n < k.

Definition 7.1. Let R be a graded ring and M a graded R-module. Suppose that
AR, (M) < oo for all n Define the Hilbert function Hpr @ Z — Z of M by

Hy(n) = Ag, (M)

for all n € Z. If in addition M is bounded below, we define Poincaré series (or Hilbert
series ) of M to be

Py(t) =Y Hy(n)t"

neZ
as an element of Z((t)).

If M is a graded R-module such that Ag,(M,) < oo for all n, we say that M “has
a Hilbert function” or that the Hilbert function of M “is defined.” Similarly, if M is
bounded below and has a Hilbert function, we say that M “has a Poincaré series.” The
most important class of graded modules which have Hilbert functions are those which
are finitely generated over a graded ring R, where R is Noetherian and R, is Artinian.
On the other hand, if M is a f.g. graded R-module which has a Hilbert function, then
Ry/ Anng, M is Artinian. In fact:
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Exercise 7.1. Let R be a graded ring and M a f.g. graded R-module which has a Hilbert
function. Then R/ Anng M has a Hilbert function.

The most important class of graded modules which have Poincaré series are those that
are finitely generated over a nonnegatively graded Noetherian ring in which R is Artinian.
Conversely, if R is a graded ring and M is a f.g. graded R-module which has a Poincaré
series, then R/ Anng(M) is bounded below. Moreover, we have the following:

Exercise 7.2. Let R be a graded ring and M a finitely generated graded R-module which
has a Poincaré series. Prove that R/ Anng (M) has a Poincaré series and that R/v/Anng M
is nonnegatively graded.

Exercise 7.3. Let R be a graded ring and
00— M, > M1 —---—My—0

an exact sequence of graded R-modules with degree 0 maps. If each M, has a Poincaré
series, prove that Y _,(—1)" Py, (t) = 0.

The following Proposition gives an example of a Hilbert function which, although very
simple, provides an important prototype for all Hilbert functions.

Proposition 7.1. Let R = k[x1,...,z4] be a polynomial ring over a field k and degx; = 1
fori=1,...,d. Then

Hp(n) = (n;fz 1)

for alln > 0.

proof. We use induction on n + d. The result is obvious if n = 0 or d = 1, so suppose
n>0and d>1. Let S =k[z1,...,24-1] and consider the exact sequence

0— Ry1 %R, — S, — 0.
Then
Hgr(n) = dimy R, = dimy R,—1 + dimg S,
_(n+d—2 n n+d—2
o\ d-1 d—2
B n+d-—1
S\ d-1 )
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Theorem 7.1. Let R be a Noetherian graded ring and M a finitely generated graded R-
module which has a Poincaré series. Then Py (t) is a rational function in t. In particular,
if R = Rolz1, ...,z where degx; = s; # 0 then

g(t)

Py(t) = —————
[Tie, (1 —t%)
where g(t) € Z[t1,t].

proof. If k =0 then R = Ry. As M is finitely generated, this means that M, = 0 for all
but finitely many n. Thus, Py (t) € Z[t!,t]. Suppose now that k > 0. Then consider the
exact segence

0 — (0:p7 1) (—58) — M(—sp) 5 M — M/xp;M — 0.
For each n, we have that
AMp)E" — M Mp—s )" = MN(M /2 M) )t — X0 :ar Tk )n—s, )"
Summing these equations over all n € Z, we obtain
Prr(t) =t Pr(t) = Paryjamr(t) — 8% Po:yyay) (1)

Now, as zp M /xp M = 0 and x(0 :ps x) = 0, M/xp M and (0 :p; ) are modules over
Ro[z1,...,z—1]. As M is bounded below, so are M /xz;M and (0 :p; xx). By induction,
Pt/ (t) and Pg.,, 4, ) are of the required form, and so there exists g1 (¢), g2(t) € Z[t ™, ]
such that

9:(t) 10
Lo (=) TS (=)

Dividing by (1 — ¢°*), we obtain the desired result.

MZTk

(1 — %) Par(t) =

An important special case is given by the following corollary:

Corollary 7.1. Let R = Ry[x1,...,xk| be a Noetherian graded ring where Ry is Artinian
and degx; = 1 for all i. Let M be a non-zero f.g. graded R-module. Then there exists a
unique integer s = s(M) with 0 < s < k such that

for some g(t) € Z[t~1,t] with g(1) # 0.

proof. By Theorem 7.1, we have that Py (t) = (lf_(?)k for some f(t) € Z[t™1,t]. We can
write f(t) = (1 —t)"g(t) where m > 0 and g(1) # 0. If we let s = k —m then we are done
provided s > 0. But if s < 0 then Py (t) € Z[t',¢] and Pp(1) = 0. Hence Y., A(M,,) =0
and so M = 0, contrary to our assumption. The uniqueness of s and g(t) is clear.
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Exercise 7.4. Let R be a graded ring and M a graded R-module which has a Poincaré
series. Let « € Ry, (k # 0). Prove that Py (t) = (1 — tF) Py (t) if and only if z is not a
zero-divisor on M.

Exercise 7.5. Let R = k[x1,...,z4] be a polynomial ring over a field with degz; = k; > 0

for i =1,...,d. Prove that
1

PR = ey

Exercise 7.6. Prove that for any integer d > 1

oo

e (Ml )

n=0

Let k be a positive integer. Define a polynomial (7) € Q[z] by

(33) _a(z—1)(z—k+1)

k k!

Further, define (3) =1 and (%) = 0. Thus, deg (;) = k. (We adopt the convention that

the degree of the zero polynomial is —1.)

Proposition 7.2. Let M be a graded R-module having a Poincaré series of the form

for some s > 0 and f(t) € Z[t~',t] with f(1) # 0. Then there exists a unique polynomial
Qum(z) € Qlz] of degree s — 1 such that Hpyr(n) = Qar(n) for all sufficiently large integers
n.

proof. Let f(t) = ait' + ajy 1t + - + a,,t™. By exercise 7.6,

ft)
(1-1)°

=0 ("7

n=0

Py(t) =

Comparing coefficients of ", we see that for n > m
“ n+s—i—1
H = ; .
m(n) ; @i ( s—1 )

Let Qu(z) =, a4 (mfj_l). Then Qps(x) is a polynomial Qx| of degree at most s — 1

and Qpr(n) = Hpr(n) for all n sufficiently large. Note that the coefficient of 2571 is
(ar+-+an)/(s—1)=f(1)/(s—1)! #0. Thus degQp(x) = s — 1.
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Definition 7.2. Let R be a graded ring and M a graded R-module which has a Hilbert
function Hps(n). A polynomial Qn(x) € Q[z] is called the Hilbert polynomial of M if
Qn(n) = Hy(n) for all sufficiently large integers n

Corollary 7.2. Let R = Ry[x1,...,zk| be a Noetherian graded ring where Rq is Artinian
and degx; = 1 for all i. Let M be a non-zero finitely generated graded R-module. Then
M has a Hilbert polynomial Qpr(x) and deg Qp(x) =s(M) -1 <k —1.

proof. Immediate from Corollary 7.1 and Proposition 7.2.

Exercise 7.7. Let k be a field and R = k[z,y, 2] /(23 —y?2) where degz = degy = deg 2z =
1. Find Pg(t) and Qg(x).

Exercise 7.8. Let R = k[z1,...,x4] be a polynomial ring over a field with degx; = 1 for
all 7. Suppose f1,..., fq are homogeneous elements in Ry which form a regular sequence
in R. Prove that

d
MR/(f1,---, fa) = Hdegfi.

Definition 7.3. Let R be a graded ring and M a graded R-module. An element x € Ry
is said to be superficial (of order ¢) for M if (0 :p; ), = 0 for all but finitely many n.

Lemma 7.1. Let R be a nonnegatively graded ring which is finitely generated as an Rg-
algebra and M a finitely generated graded R-module. Then for any k > 1, M,, C (Ry)*M
for n sufficiently large.

proof. First note that if R, = 0 for n sufficiently large then M, = 0 for n sufficiently
large. Now N = M/(R,)*M is a finitely generated S = R/(R,)¥-module. If S,, = 0 for
n >> 0 then N,, = 0 for n >> 0 and we’re done. Hence, it suffices to prove the Lemma
in the case M = R. Let R = Roly1,...,ys] where degy; = d; > 0 fori = 1,...,s. Let
p=k(di+---+ds) and suppose u € R,, for some n > p. Then u is a finite sum of elements
of the form ryy* - - - y%s, where r € R and a1dy +- - -+ asds = n. Since n > k(dy +- - - +ds),
we must have that a; > k for some i. Hence, ry{* ---y% € (R, ).

The following Proposition generalizes a result in Zariski-Samuel, Vol II:

Proposition 7.3. Let R be a nonnegatively graded Noetherian ring and M a finitely
generated graded R-module. Then there exists a homogeneous element x € R such that x
is superficial for M. Moreover, if R = Ro|[R1] and the residue field of Ry is infinite, then
we may choose x € R;.

proof. Let
0=0Q:1NQ2N---NQ;

be a primary decomposition of 0 in M. Let P, = y/Anng M/Q; be the prime ideal
associated to (Q;. We can arrange the @);’s so that Ry ¢ P, fori=1,...,sand Ry C P,
fori =s41,...,t, where 0 < s <.
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Since Ry ¢ P; U ---U Pg, there is a homogeneous element x € R, which is not in
PyU---UPs. Let £ = degx. If the residue field of Ry is infinite and R = Ry[R;], then we
may choose ¢ = 1 by Corollary 5.3.

We claim that x is superficial for M. As

RACPiN---NP
there exists k € N such that
(R.,.)k CAnmng M/Qsi1N---NAnng M/Q;.

Therefore,
(ROFM C Qerin---NQ,.

By Lemma 7.1, there exists N € N such that M,, C (R,)*M for n > N. Thus, forn > N

Mnng—i—lﬁ"‘mQt'

Now suppose v € (0 :p; x), where n > N. Then u € Q; for i = s+ 1,...,t. But since
zu € Q;and x ¢ P; fori=1,...,s, we see that u € Q1 N---N Q. Hence

weEQiN---NQ;=0.

Lemma 7.2. Let R be a nonnegatively graded Noetherian ring and M a finitely generated
graded R-module such that dim M > dim Ry. Then for any superficial element x € R for
M

dim M /zM = dim M — 1.

proof. Without loss of generality, we may assume that Anng M = 0. Then dim M/zM =
dim R/zR. Since R is nonnegatively graded, dim R = dim Ry for some homogeneous
maximal ideal N of R by Corollary 5.1. Since z € N,

dimR/zR > dimRy/xRy > dim Ry — 1 =dim R — 1.

So it is enough to show dim R/xR < dim R. Suppose not. Then there exists a minimal
prime P of R such that x € P and dim R/P = dim R. As P is minimal over (0) = Annp M,
P € Assg M. Hence P = (0 :p f) for some homogeneous element f € M. As x € P,
f € (0 :a ) and so certainly (R, )*f € (0 :p x) for all K > 1. Since (0 :ps ), = 0 for
large n, we see that (R,)¥f = 0 for some k. Hence Ry C P and so

dimM =dim R =dim R/P < dim R/R,; = dim Ry,

a contradiction. Thus, dim R/xR < dim R.

21



Theorem 7.2. Let R be a nonnegatively graded Noetherian ring with Rqo Artinian local
and M a non-zero finitely generated graded R-module of dimension d. Then there exists
positive integers si,...,sq and g(t) € Z[t,t=] where g(1) # 0 such that
g(t)

d ,
[Tic (1 —t)
proof. We again use induction on d = dim M. If d = 0 then M, = 0 for all but finitely
many n and thus g(t) = Py (t) € Z[t,t™]. Note g(1) = AM(M) # 0.

Suppose d > 0. Let x € R, be a superficial element for M and let s4 = degz. Consider
the exact sequence

0— (0:p7 @)y — My = Myys, — (M/zM)yys, — 0.

Py (t) =

Since length is additive on exact sequences, we get that
(*) MM ts,) = AMn) = M(M/2M)n1s,) = A(0 a1 2)n)
and so
MMy )50 — N(M)t" 50 = N(M /2 M) pys,)t" 54 — XN((0 :ap @), )t 54
Summing these equations up over all n, we get that
Pp(t) = t% Pr(t) = Prgjana () — %4 Po.y ) (t).
By Lemma 7.2, dim M /xM = d — 1 and since (0 :j; =) has finite length, dim(0 :p; ) =0

or (0:p z) = 0. Therefore, there exists gi(t), g2(t) € Z[t,t~!] with g1(1) # 0 and positive
integers si,...,Sq—1 such that

s _ g1(¢) s
(L= Pur() = s+ sl

Thus,
g1(t) + 54 [T, (1 — %) ga(t)

[T, (1) |

) =01 (t)-l—tsd]_[ (1—t5 )g2(t). We need to show that g(1) # 0. If d > 1 then
g(1) = glgl) 7}%0 Ifd=1 thén 9(1) = g1 (1) = g2(1 ) = AMM/zM) = A((0 :ar x)). Suppose

Py (t) =

)‘(Mn—H) +oee )‘(Mn—l—sgz) = Z /\ Z+5d - ( 2)

:Z/\M/.%Mﬂ-sd Z)\OMI'
= ANM/xM)— X(0:p ))
= 0.

Hence, A(M,,) = 0 for n sufficiently large and thus dim M = 0, a contradiction.
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Remark 7.1. The above proof also shows that if M is nonnegatively graded then g(t) €
Z[t].

Corollary 7.3. Let R = Ry[x1,...,xk| be a Noetherian graded ring with Ry Artinian local
and degx; = 1 for all i. Let M be a non-zero finitely generated graded R-module. Then
s(M) =dim M. In particular, dim M < k and deg Qps(x) = dim M — 1.

proof. By Corollary 7.1 and Theorem 7.2,

B q(t) _f(@)
Pl = e T a0

where f(1)-g(1) #0,d = dim M and s = s(M). From this equation it is clear that s = d.
The last statement follows from Corollaries 7.1 and 7.2.

Suppose M is a graded R-module possessing a Hilbert polynomial Qas(z). Since
Qnr(n) € Z for sufficiently large n, it follows that Qp;(Z) C Z. It can be shown that
there exist unique integers e; = e;(M) for i = 0,...,d — 1 such that

QM(x):eo(x+d_1) _61<x—i—d—2

PEEEEY —_— d_l
d—1 d—9 )-i- +(—1) €d—1-

The integers eg,...,eq_1 are called the Hilbert coefficients of M. The first coefficient, eg,
is called the multiplicity of M and is denoted e(M). In the case dimM = 0, e(M) is
defined to be A(M). (See the first exercise below.)

In Exercises 7.9-7.13, R is a Noetherian graded ring such that R = Ry[R;] and Ry is
Artinian local.

Exercise 7.9. Let M be a finitely generated graded R-module of dimension d. Show that
there exists a unique integer e4(M) such that

PIRUTE g—l)ieiw) ("0

for all sufficiently large integers n. Moreover, if d = 0 then eq(M) = A\(M).

Exercise 7.10. Let M be a f.g. graded R-module of positive dimension and z € R a
superficial element for M. If dim M > 1 prove that

e(M/xM) =degx -e(M).
If dim M = 1 prove that
e(M/xM) =AXM/xM) =degx-e(M) — A(0:p )).
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Exercise 7.11. Let M be a non-zero f.g. graded R-module. Prove that e(M) > 0.

Exercise 7.12. Let M be a f.g. graded R-module of dimension d > 2 and =z € R; a
superficial element for M. Prove that e;(M/zM) =¢;(M) fori=1,...,d — 2.

Definition 7.3. Let (R, m) be a local ring and I an m-primary ideal. Applying Exercise
7.9 to the graded ring gr;(R), we see that that the function hy(n) = A(R/I™) (called the
Hilbert function of I) coincides for large n with a polynomial ¢;(n) € Q[n| (the Hilbert
polynomial of I). We often write g;(n) in the following form:

a(n) = é(—nieim ("),

where d = dimgr;(R) (but see Theorem 7.3 below). The integers eg([),...,eq(I) are
called the Hilbert coefficients of I.

Lemma 7.3. Let (R,m) be a local ring and I and J two m-primary ideals of R. Then
dim gr;(R) = dim gr;(R).

proof. Without loss of generality, we may assume J = m. As I is m-primary there exists an
integer k such that m¥* C I. Then for all n, m*™ C I™ C m™. Thus, for n sufficiently large,
Qm<kn) < QI(n) < Qm<n) Hencea dim gTI(R) = deg qr (n) = deg Qm(n) = dim ng<R)

Theorem 7.3. Let (R, m) be a local ring and I an m-primary ideal. Then dim gr;(R) =
dim R.

proof. By Lemma 7.3, it is enough to prove the result in the case I is generated by a
system of parameters zi,...,z4, where d = dimR. Since gr;(R) = R/I[z},...,z}],
where z} is the image of x; in I/I?, we know by Corollary 7.3 that dimgr;(R) < d.
Let e = dimgr;(R) and M the homogeneous maximal ideal of gr;(R). By Corollary
5.4, there exists homogeneous elements wi, ..., w. € gr;(R) of positive degree such that
M = /(wy,...,w.). Furthermore, by replacing the w;’s with appropriate powers of them,
we may assume that each w; has the same degree p. For each 4, let u; € IP be such that
uf = w;. Then for n sufficiently large, I" /1" = [(u1, ..., uc)I""P + I"T1] /1" Thus,
I = (u1,...,ue) ™ P C (uy,...,ue). Hence, uq,...,u. is an s.o.p. for R and so e > d.

Exercise 7.13. Let (R, m) be a Cohen-Macaulay local ring of dimension d and J an ideal
generated by a system of paramaters for R. Prove that for all n > 1,

ot =0 () =2/ ("),

Hence, eg(J) = A(R/J) and e;(J) = 0 for ¢ > 1. (Hint: first find the Hilbert polynomial
of gr;(R).)
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Exercise 7.14. Let R be a graded ring and
0 =My - My_qy— - — My—0

an exact sequence of graded R-modules with degree 0 maps. Suppose each M; has a Hilbert
polynomial. Prove that >_.(—1)"Q s, (z) = 0.

Proposition 7.4. Let R be a Noetherian graded ring and M a non-zero finitely generated
graded R-module. Then there exists a filtration

() 0O=MyCM,C---CM,=M

such that for 1 < ¢ < r, M;/M;_1 = (R/P;)(¢;) for some homogeneous prime P; and
integer £;. We'll refer to such a filtration as a quasi-composition series for M. The set S =
{P1,...,P.} is not uniquely determined by M, but Min(S) = Ming M. If p € Ming M,
then the number of times p occurs in any quasi-composition series for M is Ag,(Mp).

proof. We first show the existence of a quasi-composition series for M. Let
A ={N | N a graded submodule of M which is zero or has a quasi-composition series}.

Let N be a maximal element of A. Suppose M # N and let N’ = M/N. Choose
q € Assg N'. Then N’ has a graded submodule L isomorphic to (R/q)(¢) for some integer
¢. Let M’ be the inverse image of L in M. Then M’ contains N properly and M’ € A, a
contradiction.

Now, p O Anng M if and only if p O Anng M;/M;_; for some ¢, which holds if and only
if p O P; for some i. Thus, Min(S) = Ming M.

Let p € Ming M. Then (M;/M;_1), =0 or R,/pR,. Hence, localizing (*) at p yields a
composition series for the R,-module M,,, and A, (M,,) is the number of nonzero factors,
i.e., the number of times (R/p)(¢) occurs as a factor in (*).

Theorem 7.4. (The Associativity Formula) Let R = Ro[R1] be a Noetherian graded ring
such that Ry is an Artinian local ring. Let M be a non-zero finitely generated graded
R-module of dimension n. Then

eM)y= 3 ADML)-e(R/p).

dim R/p=n

proof. If n = 0 then e(M) = A(M) and the formula holds (since Ag, (M,,) = Ar(M)
and e(R/m) = A(R/m) = 1, where m is the homogeneous maximal ideal of R). So
we may assume n > 0. Let 0 = My C My, C --- C M, = M be a quasi-composition
series for M, where M;/M; 1 = (R/P;)(¢;) for 1 < i < r. Using the exact sequences
0— M;_1 — M; — (R/P;)(¢;) and Exercise 7.14, we obtain

Qu(x) = Qryp(a +0).
=1
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Since e(M) is the coefficient of z”~! in (n — 1)! - Qs(x) and dim R/P; < n, we see that

e(M)= Y eR/P).

dim R/P;=n

(Note that the leading coefficients of Qg p, (z) and Qg p, (z+¢;) are equal.) By Proposition
7.4, if dim R/P; = n then P; € Mingp M and conversely, if A(M,) # 0 and dimR/p = n
then p = P; for some i. Finally, if dim R/p = n then the number of times R/p occurs as a
factor (up to a shift) in any quasi-composition series for M is Ag,(M,).

§8. REDUCTIONS AND INTEGRAL CLOSURES OF IDEALS

Definition 8.1. Let R be a Noetherian ring and I an ideal of R. An ideal J C [ is called
a reduction of I if JI™ = I"! for some r > 0. (The case when r = 0 just means J = I.)
The smallest such r is called the reduction number of I with respect to J and is denoted

TJ(I).

Example 8.1. Let R = k[z,y] and I = (23, 2%y, y>). Then J = (23, y3) is a reduction of
I and 7;(I) = 2, since I® = JI? and x%y? € I?\ JI.

Example 8.2. Let R = k[t3,t* ¢5] and I = (#3,t*,¢%). Then J = (#3) is a reduction of I
and r;(I) = 1.

Exercise 8.1. Let R = k[x,y] and I = (2%, 23y, 2%y?,y*). Find a reduction of I which
has two generators.

Exercise 8.2. Suppose J is a reduction of I. Prove that v/J = v/T.

Exercise 8.3. Suppose (R,m) is a local ring and I an m-primary ideal. Let J be a
reduction of I. Prove that ey(I) = eg(J).

Definition 8.2. An element a € R is said to be integral over an ideal I if there exists an
equation of the form

a"+ra" 4+ atr, =0,
where r; € I* for all s.

Example 8.3. Let R = k[x,y, 2] and I = (23,93, 2%). Then zyz is integral over I, since
(2y2)3 — 23y32% = 0 and 23y323 € I3.

Exercise 8.4. Let R = klx,vy, z]/(2* — y?2%) and I = (32, 2%). Show that xy is integral
over I.

Exercise 8.5. Prove that a is integral over I if and only if at € R[t] is integral over the
subring R[It].
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Lemma 8.1. Let I be an ideal of R. Then the set of all elements of R integral over I
forms an ideal I, called the integral closure of I.

proof. Let a,b € I, and r € R. We need to show a +b € I and ra € I. By the previous
exercise, it is enough to show that (a + b)t and rat are integral over the ring R[It]. But
the integral closure of R[It] in R[t] forms a subring of R[t]. Therefore, we are done since
at and bt are integral over R|[It].

Exercise 8.6. Let R be a graded ring and I a homogeneous ideal. Prove that I is
homogeneous. (Hint: consider the ring R[It| as bigraded and apply Theorem 6.1.)

Exercise 8.7. Prove that ? =1 and that I-J C 1J.

Theorem 8.1. Let R be a ring, J C I ideals of R. The following are equivalent:

(1) J is a reduction of I.
(2) I is integral over J; i.e., I C J.

proof. Let T = R[It] and S = R[Jt]. Then I is integral over J if and only if T is integral
over S. And J is a reduction of I if and only if for some n > 0, J(T)" = (T, )", The
result now follows from Theorem 6.2.

Definition 8.3. Let (R, m) be a local ring. The elements a, ..., a, are said to be analyt-
ically independent if whenever ¢(T1,...,T,) € R[T},...,T,] is a homogeneous polynomial
such that ¢(aq,...,a,) =0, then all the coefficients of ¢ are in m; i.e., ¢ € m[T1,...,T;]

Exercise 8.8. Let (R, m) be a local ring and I = (aq,...,a,) where aq,...,a, are ana-
lytically independent. Prove that u(l) = n.

Theorem 8.2. Let I = (ay,...,a,). Then the following are equivalent:

(1) aq,...,a, are analytically independent.
(2) R[It]/mR][It]is isomorphic to a polynomial ring over a field in r variables.
(3) dim R[It]/mR[It] =r.

proof. (1) <= (2): define g: R[Th,...,T,] — R[It]/mR[It] by g(f(T)) = f(ait,...,a,t).

Clearly, g is surjective and mR[T1, ..., T,| C ker g. It is enough to show that ay,...,a, are
analytically independent if and only if ker g = mR[Ty,...,T,]. The “if” direction is true
by definition. For the converse, suppose a1, ..., a, are analytically independent. Let f be
a homogeneous element in ker g. Then f(a1t,...,a,t) € mR[It]. Now, it is easily seen that

mR[It] = {h(ait,...,a,t) | h € mR[Th,...,T;]}. Hence, f(ait,...,a,t) = h(ait,..., a,t)
for some homogeneous h € mR[Ty,...,T,]. Now 0 = (f — h)(ait,...,a,t)) = t4(f —
h)(ai,...,a,), where d = deg f = degh. Hence, (f — h)(a1,...,a,) = 0 and so, by
definition of analytic independence, f —h € mR[T1,...T,]. Thus, f € mR[Ty,...,T}].

(2) <= (3): Consider the map g defined above. Since mR[T1,...,T,] is contained
in ker g, we see that R[It]/mR][It] is the homomorphic image of R/m/[T},...,T,]. Thus,
dim R[It]/mR[It] < r with equality if and only if R/m[Th,...,T,] = R[It]/mR[It].
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Corollary 8.1. Let R be a ring and x1,...,x, a reqular sequence. Then x1,...,x, are
analytically independent.

proof. Let I = (x1,...,z,). Then R[It]/IR[It] = gri(R) = (R/I)[T,...,T,], where
Ti,...,T, are indeterminates corresponding to the images of x1,...,x, in the first graded
piece of gry(R). (This is a fact about regular sequences. See Theorem 16.2 of [Mats], for
example.) Therefore, R[It]/mR[It] = R/m[I},...,T,]. Thus, xi,...,z, are analytically
independent.

Corollary 8.2. Let (R,m) be a local ring and z1,...,x4 a system of parameters for R.
Then x1,...,xq are analytically independent.

proof. Let I = (z1,...,24). By Theorem 7.3, dim R[It]/IR[It] = dimgr;(R) = d. As
m'™ C I for some n, (mR[It])™ C IR[It]. Thus, dim R[It]/mR|[It] = dim R[It]/IR[It] = d,
SO x1,...,Tq are analytically independent.

Definition 8.4. Let J C [ be ideals where J is a reduction of I. Then J is called a
minimal reduction of I if no reduction of I is properly contained in J. An ideal I is called
basic if it is a minimal reduction of itself.

Exercise 8.9. Let J C I be ideals where J is a reduction of I. Prove that J is a minimal
reduction of I if and only if J is basic.

Exercise 8.10. Let (R, m) be a local ring and J C I ideals of R. Then J is a reduction
of I if and only if J + m/ is a reduction of I.

Proposition 8.1. (Northcott-Rees) Let (R, m) be a local ring and I an ideal of R. Then
I has a minimal reduction.

proof. Let P ={(J+ mlI)/mlI | J is a reduction of I}. Since P consists of subspaces of a
finite dimensional vector space, P has a minimal element (K +ml)/ml. Let ay,...,as be
elements of K such that the images of these elements in (K +mI)/ml form a vector space
basis. Let J = (a,...,as). Then J +ml = K +mlI. By Exercise 6.10, J is a reduction
of I. We claim that J is a minimal reduction of I. First note that J NmI = mJ. Clearly
mJ CJNml. Let c € JNmlI. Then ¢ = riay + ---rsas € ml for some r1,...,7s € R.
As the images of ay,...,as in I/ml are linearly independent over R/m, we see that each
r; € m. Hence, J N'mI C mJ. Now suppose L C J is a reduction of I. We need to show
that L = J. Since L+mlI C J+ ml and J +ml is a minimal element of P, we must have
L+ mI =J+ ml. In particular, J C L +mlI. Now let u € J. Then u = x + y for some
re€Landy€eml. Hencey=u—x € JNmlI =mJ. Thus, J C L+mJ and so L = J
by Nakayama.

Exercise 8.11. Let (R, m) be a local ring and J a minimal reduction of I. Prove that
every minimal generating set for J can be extended to a minimal generating set for I.
(Hint: use the method of proof of Proposition 8.1.)

Definition 8.5. Let (R, m) be a local ring and I an ideal of R. The analytic spread of I,
denoted ¢(1), is defined to be dim R[It]/mR[It].
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Exercise 8.12. Let (R, m) be a local ring and I an m-primary ideal. Prove that ¢(I) =
dim R.

Proposition 8.2. Let (R, m) be a local ring and J C I ideals such that I is integral over
J. Then £(I)=£4(J).

proof. Let S = R[It] is integral over T' = R[Jt], vmSNT = vmT. Hence ((I) =
dim S/mS =dimT/(mSNT) =dimT/mT = £(J).

Theorem 8.3. Let (R, m) be a local ring such that R/m is infinite. Let J C I be a
reduction of I. Then the following are equivalent:

(1) J is a minimal reduction of I.
(2) J is generated by analytically independent elements.

(3) u(J) = £(I).

proof. (1)= (2): Consider the ring S = R[Jt]/mR[Jt]. By Corollary 6.1, there exists
wi,...,w, € J\ mJ such that S is integral over T = (R/m)[w1t,...,w,t] (where w;t
is the image of w;t in Jt/mJt), and T is isomorphic to a polynomial ring in r variables
over R/m. By Theorem 6.2, (S.)"*! = (wit,...,w,t)(S;)" for some n > 0. That
is, J"T/mJ "t = ((wy,...,w.)J™ + mJ" ) /mJ" Tt for some n > 0. By Nakayama’s
lemma, this means that J"*! = (wy,...,w,)J", and so (wy,...,w,) is a reduction of .J.
As J is a minimal reduction of I, J is basic by Exercise 8.9. Thus, J = (w1, ...,w,) and
S =T. Hence J is generated by analytically independent elements by Theorem 8.2.

(2)= (1): By Exercise 8.9, it is enough to show that J is basic. Let K C J be a
minimal reduction of J. By (1)=-(2), K is generated by analytically independent elements.
Furthermore, ¢(I) = ¢(J), so S = R[Jt]/mR[Jt] and T = R[Kt|/mR[Kt| are isomorphic
to polynomial rings over R/m of the same dimension. Thus, S = T as graded rings.
Now, since T' = R[Jt]/mR[Jt] = R[Kt]/(mR[Jt] N R[Kt]) (see the proof of Proposition
8.2). Hence, A\(J/mJ) = A(S1) = AN(T1) = MK/(mJ N K)) = A(K +mJ)/mJ). Thus,
J =K +mJ and so J = K by Nakayama.

(2)= (3): By Theorem 8.2, Exercise 8.8, and Prop. 8.1, u(J) = dim R[Jt|/mR[Jt] =
0(J) =¢(1).

(3)= (2): By Proposition 8.1, u(J) = £(J) = dim R[Jt]/mR[Jt]. Hence R[Jt]/mR][Jt]
is isomorphic to a polynomial ring in u(J) variables over R/m. Thus, J is generated by
analytically independent elements by Theorem 8.2.

Exercise 8.13. Let (R, m) be a local ring with infinite residue field and let I be an ideal
of R. Prove that ht I < ¢(I) < u(I).

§9. GRADED FREE RESOLUTIONS

Throughout this section R will denote a nonnegatively graded Noetherian ring such that
Ry is local. We let m denote the homogeneous maximal ideal of R.

Proposition 9.1. (Graded version of Nakayama’s Lemma) Let M be a finitely gener-
ated graded R-module. Then pr(M) = dimpg,,(M/mM). Morever, there erists pg(M)
homogeneous elements which generate M.
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proof. Choose homogeneous elements x1,...x; € M such that their images in M/mM
form an R/m-basis. It suffices to show that x1, ...z generate M. Let N be the submodule
generated by x1,...,z. Then M = N +mM and hence M/N = m(M/N). If M # N,
then M /N is a finitely generated non-zero graded R-module. Let s be the smallest integer
such that (M/N)s # 0. Then (M/N)s = n(M/N)s, where n is the maximal of Ry. This
contradicts the local version of Nakayama’s lemma. Hence, M = N.

Exercise 9.1. In the above proposition, prove that the set {degx1,...,degxzy} is uniquely
determined by M.

For a f.g graded R-module M, we let (M) denote dimp ., M/nM. Clearly, u(M) is
the minimal number of generators of M.

Corollary 9.1. Let F' be a f.g. graded free R-module. Then there exist a unique set of
integers {n1,...,n,} such that F = &, R(—n;) (as graded modules).

proof. Let k = rk F' = p(F). Then there exists homogeneous elements x1, ...,z which
generate I’ and hence form a basis for F. Setting n; = degx;, we see that F' = GR(—n;).
The uniqueness of the n;’s follows from the Exercise 9.1.

Exercise 9.2. Let P be a finitely generated graded projective R-module. Prove that P
is free.

Definition 9.1. Let M be a finitely generated graded R-module. An exact sequence

0;
-— iy — F,— - —= Fy— M —0

is called a graded free resolution of M if each F; is free and all the maps are degree O.
The resolution is called minimal if ker(0;) C mF;4; for all i > 0; equivalently, rank F; =

p(ker(d;—1)).

Remark 9.1. By the graded version of Nakayama’s lemma, it is clear that any f.g. graded
R-module possesses a minimal graded free resolution.

Lemma 9.1. Consider the following diagram of f.g. graded R-modules and degree 0 maps:

B

0 K >3 F M 0
lf
0 L .G —2_.N 0

Assume the rows are exact, F' and G are free and f is a isomorphism. Suppose that
a(K) € mF and v(L) C mG. Then there exist degree 0 isomorphisms g : K — L and
h: F — G making the diagram commute.

proof. Since F' is free, it is easily seen that there exists a degree 0 maps h and g making the

diagram commute. If we show that A is an isomorphism, then g must be an isomorphism

by the Snake Lemma. But if we tensor the diagram with R/m, we see from the minimality
30



that f ® 1 and d ® 1 are isomorphisms. Consequently, h ® 1 is an isomorphism. Thus, if
C = coker(h) then C'/nC = 0 and so C' = 0 by (graded) Nakayama. Hence, h is surjective.
Since G is free, h splits and so ker(h)/mker(h) = 0. Therefore, ker(h) = 0 and h is an

isomorphism.

Theorem 9.1. Let F and G. be two minimal graded free resolutions of a f.g. graded R-
module M. Then there exists a chain map f : F — G. such that for each i, f; : F; — G,
s a degree 0 isomorphism.

proof. We define the map f; : F; — G; by induction on i. To start, let f_1 : M — M
be the identity map. Assume we have defined f; for ¢ < p. Let 0 be the differential for
the resolution F and 9’ be the differential for G . Set K; = ker(9;—1) and L; = ker(9;_,)
for each i > 0. We also include in our induction hypothesis that there exist isomorphisms

h; : K; — L; for each i < p (this is vacuous for p = —1). So consider the diagram
0 —— Kpp1 —— Fpn Kp 0
h,,l
0 —— Lppn —— Gpna Ly 0

By the previous lemma, there exist degree 0 isomorphisms f,+1 : Fp41 — Gpi1 and
hpt1 : Kpy1 — Lypq which make the diagram commute.

Theorem 9.2. Let M be a f.g. R-module and F a minimal graded free resolution of M.
For each 1 > 0, let
Fi = @)L, R(—nyj).
Then
(a) For eachi >0, the set {n;;};., is uniquely determined.
(b) For each i,j > 0, there exists j' such that n;; > ng_1y; (or ng; > ng_1y; if Ro is

a field).
(c) If F is finite (i.e., F; =0 for i sufficiently large) and Ry is Artinian, then

Py(t) =) (—1)""9 Pg(t).

%]

proof. By the preceeding theorem, any two minimal graded free resolutions of M are chain
isomorphic with degree 0 maps, so the ranks of the F; and the integers {n;;} are uniquely
determined. This proves (a).

For ¢ > 0, let e1,...,e, and f1,..., fs be homogeneous bases for F; and F;_1, respec-
tively, where r = r; and s = r;_1. By part (a), we can arrange the bases so that dege; = n;;
and deg f; = n(;—1);. Since F is minimal, for each j there exist homogeneous elements
ui,...us € n such that 0;,_1(e;) = Zj, ujr fj. Then n;; = degd;—1(e;) = deguy fjr >
n(i—1); for some j'. Notice that if Ry is a field, then degu; > 0 and so n;; > n_1y,.
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For part (c), we have

Par(t) = > (=1 Pa (0

:Zewi&mmw
- Z )"t Pp(t).

Exercise 9.3. Let R = k[z1,...,x4] be a polynomial ring over a field with degz; = 1 for
all 7 and let M be a f.g. graded R-module. Prove that M has a finite minimal graded
free resolution. (Hint: use what you know about minimal resolutions over R,, where

m = (ml,...,xd).)

Exercise 9.4. Let R = k[z1,...,x4] be a polynomial ring over a field with degz; = 1 for
all 7+ and let M be a f.g. graded R-module. Prove that the Hilbert polynomial of M is

given by
ifr+d—n;—1
Qu(z) =) (-1) "
— d—1
iJ
where the integers n;; are the invariants which occur in a minimal graded free resolution
of M.
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